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ABSTRACT

Machine learning models trained with stochastic gradient descent (SGD) can gen-
eralize better than those trained with deterministic gradient descent (GD). In this
work, we study SGD’s impact on generalization through the lens of the statistical
bootstrap: SGD uses gradient variability under batch sampling as a proxy for
solution variability under the randomness of the data collection process. We use
empirical results and theoretical analysis to substantiate this claim. In idealized ex-
periments on empirical risk minimization, we show that SGD is drawn to parameter
choices that are robust under resampling and thus avoids spurious solutions even
if they lie in wider and deeper minima of the training loss. We prove rigorously
that by implicitly regularizing the trace of the gradient covariance matrix, SGD
controls the algorithmic variability. This regularization leads to solutions that are
less sensitive to sampling noise, thereby improving generalization. Numerical
experiments on neural network training show that explicitly incorporating the esti-
mate of the algorithmic variability as a regularizer improves test performance. This
fact supports our claim that bootstrap estimation underpins SGD’s generalization
advantages.

1 INTRODUCTION

1.1 BACKGROUND

Modern machine learning models are typically overparameterized and/or non-convex, resulting in
many parameter choices that achieve good training performance. However, the test performance of
these parameter choices can be vastly different, making the training algorithm an important element
of generalization. Notably, SGD tends to find training loss minima that generalize better on test data
than GD (Zhang et al.,[2016)). This work aims to clarify the mechanism underlying this phenomenon.

Some studies explain this phenomenon by suggesting that the noise in SGD induces it toward flatter
minima in the loss landscape, which they argue are associated with better generalization performance
(Keskar et al., 2016} [Yang et al.,2023; Wu & Su, |2023)). However, this explanation is undermined by
the lack of invariance under function reparameterization (Dinh et al.,|2017; /Andriushchenko et al.,
2023). Another line of work provides stability-based bounds on the generalization gap (Bousquet
et all,[2020; [Zhou et al., 2022). These approaches usually assume uniform smoothness of the loss
function, which can be overly loose in certain regions for complex loss functions. Consequently, these
bounds may be trivial at solutions to which the algorithms converge. To address these limitations, we
introduce a bootstrap estimation perspective to understand the generalization advantage of SGD.

1.2 OUR CONTRIBUTIONS

We propose that the mini-batch gradient variability in SGD acts as a bootstrap estimate of the
solution’s sensitivity to resampling, which we term algorithmic variability, and SGD implicitly
regularizes this bootstrap estimate to enhance generalization. This perspective motivates the design
of new regularizers that can further improve generalization. Our main contributions are:

* We conduct an idealized experiment of function optimization to show that the gradient vari-
ability plays an important role in the generalization performance of SGD. More specifically,
the data-dependent gradient noise steers SGD away from regions with high variability.
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» Under certain assumptions, we derive an approximation of the expected generalization
gap, which is determined by the solution’s Hessian matrix and the algorithmic variability
with respect to sampling noise. We further derive an approximate upper bound on the
algorithmic variability, which consists of two components. We propose that SGD utilizes
the accumulated gradient variability as a bootstrap estimate of the first component of the
algorithmic variability bound and implicitly regularizes it, thereby enhancing generalization.

* We conduct numerical experiments on SGD with explicit regularizers corresponding to esti-
mates of the two components of the algorithmic variability bound. The results demonstrate
that both components are essential for reducing test losses and that regularizers based on
these estimates can be effectively applied in neural network training. To the best of our
knowledge, no prior work has employed the second component of the algorithmic variability
bound as a regularizer.

1.3 PAPER OUTLINE

Section [2]introduces the key concepts used in this work and conducts an idealized experiment to
illustrate the importance of data-dependent gradient noise in helping SGD generalize better. Section|3]
discusses the main theoretical conclusions of this work. We first prove that the expected generalization
gap depends on the algorithmic variability. Then, we propose that SGD implicitly regularizes the
bootstrap estimate of a bound on the algorithmic variability to enhance generalization. Section
provides experimental results that support our analysis and show that estimates of the algorithmic
variability bound can be used as explicit regularizers. Section [5| reviews related work. Section [6]
concludes this paper.

2 PRELIMINARIES

2.1 EMPIRICAL RISK MINIMIZATION AND GENERALIZATION GAP

Because the population distribution is inaccessible, the training loss, also called the empirical risk, is
minimized as a surrogate for the population loss. The difference between the training loss and the
population loss, known as the generalization gap, quantifies how well the model generalizes.

2.2  STOCHASTIC GRADIENT DESCENT

Gradient-based methods are widely employed for optimizing objective functions in machine learning.
Unlike standard GD, which updates the model parameters with the gradient of the entire training
set, SGD uses the gradient of a mini-batch randomly sampled from the training set at each iteration.
The sampling noise in SGD can be captured by a gradient noise term in its update rule. Initially
introduced to improve scalability with large datasets, SGD has demonstrated superior generalization
performance with various models and tasks compared with GD. We will show in Section [2.4] that the
data-dependent noise is essential in pushing SGD out of minima that generalize poorly.

2.3 BOOTSTRAP ESTIMATION

Given an estimator, we may wish to know how it would have differed over different samples.
Bootstrap estimation measures this variability by treating the training set as an empirical distribution
and evaluating the variability of the estimate over subsamples drawn from it.

The gradient variability of SGD evaluates how much the gradient changes with different samples
from the training set. This connection motivates our explanation of SGD’s generalization behavior
through the lens of bootstrap estimation.

2.4 AN IDEALIZED EXPERIMENT

We use an idealized experiment to show that the sampling noise, or equivalently, the gradient noise,
can induce SGD to converge to solutions with better generalization compared to GD. To show the
importance of the data-dependent noise, we also conduct experiments with NoisyGD, which adds
data-independent Gaussian noise to each GD update.
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Figure 1: Construction of loss functions in the idealized experiment.

We run GD, SGD, and NoisyGD to optimize two-dimensional objective functions with the same
initializations and hyperparameters. Each objective function is constructed by sampling 30 functions
with replacement from a set of 30 candidate functions and averaging them, as illustrated in Figure
[T} For each algorithm, we report the mean test loss over 100 runs with different initializations. The
detailed experimental setup is in Appendix [A-T]

Table 1: Average test losses of algorithms in the idealized experiment.

ALGORITHM TEST LOSS

GD 13.99 + 1.67
SGD 5.33+1.73
NoisyGD 11.09 + 1.71

Random sampling can produce training sets with samples deviating substantially from other samples
in the population. These deviations yield spurious minima in the training loss landscape that fit the
training data well but generalize poorly. Avoiding such spurious minima is crucial for generalization.

Figure 2] reports the experimental results. The population and training loss heat maps show a better-
generalizing minimum at (7,7) and a spurious minimum at (7,1). Among the three algorithms,
SGD spends most of the training time in regions where the trace of the gradient covariance matrix
is small. Even though the spurious minimum is deeper, broader, and has smaller gradient norms
in its neighborhood than the better-generalizing minimum in the training loss landscape, SGD still
converges to the latter owing to its smaller variability. This observation is corroborated in Table[T}
where SGD has the smallest average test loss among the algorithms. These results indicate that the
data-dependent gradient noise enables SGD to avoid converging to spurious minima arising from
random sampling from the population. This finding inspires the idea that SGD utilizes gradient
variability to estimate the sensitivity of the solution to different training data.

3 THEORETICAL RESULTS

In Section [2:4] we show with the idealized experiment that SGD converges to solutions with small
gradient variability, which generalize well to the test data. This observation raises two key questions:
(1) what factor drives SGD to solutions with small gradient variability? (2) how does this reduced
gradient variability improve generalization? In this section, we formally establish the connection
between the gradient variability and generalization. First, under the assumptions that SGD can achieve
small gradient on the training data and that replacing one training sample has only a minor impact on
the solution, we show that the expected generalization gap can be decomposed into the trace of the
product between the solution’s Hessian and the algorithmic variability, which measures the sensitivity
of the solution to replacing a single sample in the training set. Then, we demonstrate that the gradient
variability of SGD can be regarded as a bootstrap estimate of the first component of a bound on the
algorithmic variability. Lastly, we show that the implicit regularizer of SGD, as characterized by
Smith et al.| (2021), is equivalent to regularizing gradient variability. Taken together, these points
suggest that the implicit regularizer steers SGD toward solutions with smaller gradient variability,
which, being a bootstrap estimate of the algorithmic variability, leads to improved generalization.
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Figure 2: Heat maps of algorithm trajectory densities, population and training losses, gradient norms,
and gradient covariance traces from the idealized experiment, with representative trajectories overlaid.

3.1 NOTATIONS

This paper focuses on supervised learning. A sample z = (z,y) consists of an input z € X = R?
and a targety € ) = R. Let S = {21, 22,..., 2n} be a training set of size N, where the z; are
i.i.d. samples from the population distribution D on Z = X x ). L (z;0) denotes the loss function
evaluated on sample z at model parameters 6. We slightly abuse these notations by writing the average
loss on the training set S as L (S;60) = & vazl L (z;;0) and the expected loss on the population
distribution D as L (D;0) = E..p [L (z;6)].

For a training set S, let A; (.S) denote the solution obtained by applying SGD to S for t iterations, start-
ing from initialization Ag. A specific SGD instantiation A can be represented by {j1,j2, ..., j1}>
where j; indicates that sample z;, in S is selected at iteration t. E 4., [f] takes the expectation of
function f over all possible A, given a fixed model initialization A and a learning rate schedule
{n1,m2,...,nr}. We can construct a perturbed training set for S by replacing the i-th sample with a
new one drawn from the population distribution: S® = {21,...,2;_1,2}, 2i41,..., 2N}, 2. ~ D. Un-
less stated otherwise, ./ [f] denotes the expectation of function f over z, drawn from the population
distribution D. For brevity, we define .J (v) = vv” for any vector v.
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3.2 DECOMPOSITION OF THE EXPECTED GENERALIZATION GAP

We derive a decomposition of the expected generalization gap under the following assumptions.
Assumption 1. For S € Z%, with probability 1 — §; 7, SGD obtains a solution whose batch gradient
ly-norm is bounded by €1 1 after T iterations, i.e.,

Pr([[VL(S; Az (9))lly > e1,7) <d1v

for some 0 < e 7,017 < L.

Multiple studies have shown that overparameterized models can interpolate training sets under
suitable conditions (Richtarik & Takac|2020; | Vaswani et al., 2019;|Loizou et al.|[2021). Consequently,
Assumption[T|holds broadly across many machine learning problems.
Assumption 2. For S € ZN, with probability 1 — 6 1, the {-norm of the deviation between the
solutions obtained by running SGD for T iterations on S and its perturbed training set S* is bounded
by ea T, i.e.,

Pr (HAT (S) — Ar (SZ) H2 > 627T) < 62,T
for some 0 < ea 1,027 < 1.

Assumption 2] concerns the solution stability under single-sample replacements and holds when the
training set is sufficiently large that such replacements have a small effect.

Lemma 1. Consider a loss function L whose value is bounded by Uy, with batch gradient {5-norm
bounded by Uq and all third-order partial derivatives bounded by U ;. Assume the parameters are
bounded as ||0)|2 < Up. If Assumptionsand hold for L, the expected generalization gap satisfies

Es ay [L(D; Az (S)) — L (S; Ar (9))] (1)
1 & 1 Y .
=N ZES,Z;,AT [L(z{; Ar (S))] — N ZES,Z;,AT (L (z; Ar (S7))] 2
=1 =1
=F 1TYV2LS-A51NIE J(Ar (8%) — Ar (S 3
=Esur |5 (840 (8) 57 3_Bx [7 (47 (57) - Ar (5))] S
+ O (e1,r€2,1 + 61,72 7Uc + 01,702, 7 UcUr + 6‘;’,TUJ +62,7UL) - 4

Lemma [I| provides the expected generalization gap decomposition, with its proof given in Appendix
Es../.ap L (2}; A7 (9))] denotes the expectation of L (2}; Ar (S)) over S ~ DN 2l ~ D
and SGD instantiations initialized at Ay. The big-O term arises from the remainder of the Taylor
expansion, and its constant does not depend on the problem setting. For the second-order Taylor
expansion to be accurate, it suffices that all the third-order partial derivatives in a neighborhood of the
solution are bounded by the smallest eigenvalue of its Hessian, scaled by €2 7. This condition may fail
for degenerate solutions, but note that flat directions contribute far less to the expected generalization
gap than sharp ones. Combined with the alignment between the Hessian and the gradient covariance
of SGD (Wu et al.,[2022), this justifies the approximation.

The decomposition depends on the solution’s Hessian and + Zfil E. [J (A7 (S%) — Ar (9))].
We denote this latter term as the algorithmic variability, which measures the sensitivity of the
solution to single-sample replacements in the training set. Next, we will show that SGD automatically
estimates and regularizes this variability term.

3.3 BOOTSTRAP ESTIMATION OF THE ALGORITHMIC VARIABILITY

We proceed to demonstrate that SGD uses the accumulated gradient covariance as a bootstrap estimate
of part of a bound on the algorithmic variability.

Lemma 2. Consider the case where the model is trained with SGD on the training set S for M
epochs, with each sample appearing exactly once in every epoch. Assume that

1. The learning rates are small, i.e., letting () = maxy 1y, we have (Q < 1.

2. The operator norm of V2L (S; 0) is uniformly bounded by a constant C < é
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Then, the algorithmic variability can be bounded as

N
T (VQL (S, Ar (S)) % ZEzé [J (A7 (S7) — Ap (S))]> )
Tr <V2 (S, Ar (S ZMnt [ (VL (zi; Ai—1 (S)) — VL (D; A;—4 (S)))}> (©)
T
+ T <V2L (S, A7 (9)) > M J(VL(S),; A1 (S)) = VL (D; A1y (S)))> O

O(TQEM (& 7U + 620ULUS + CQUR) + T?Q? (34U + 622U U + CQUF)2).
(®)

The proof of Lemma[2]is in Appendix [B.2} It relies on the positive semi-definiteness of the solution’s
Hessian. This condition is guaranteed since SGD avoids solutions with negative Hessian eigenvalues
almost surely (Mertikopoulos et al., 2020). Since Q < 1, TQ = O (1) for finite 7', hence the big-O
term is bounded.

Proposition 1. Denote by ZS (0) the gradient covariance of mini-batches of size B evaluated on
dataset S at 0. If the condztlons of Lemma I 2| hold, 6 lies within a compact set ©, and VL (z};0)
is continuous with respect to 0 on ©, then as the training set size N — oo, the difference between
the accumulated population gradient covariance and the accumulated gradient covariance of SGD
converges to 0 almost surely, i.e.,

T
ZE |7 (VL (24 v (8)) = VL(D; Ay ()] = 0 BEE (A () “5 0. 9)

t=1

The proof of Proposition [I] is given in Appendix B3] Suppose SGD were to draw K
mini-batches of size B from S at A;_; (S), the empirical gradient covariance of these mini-
batches would act as a bootstrap estimate of X% (A;_1 (S)) and converge to it as K — oo.
Furthermore, BY.3 (A;_1 (S)) serves as an estimate of the population gradient covariance

E. [J (VL (25 A4-1(S)) = VL (D; Ay (S)))} and converges to it as N — oo. Hence, we

interpret SGD as using the accumulated mini-batch gradient covariance as a bootstrap estimation
of the accumulated population gradient covariance, which constitutes the first component of the
algorithmic variability bound in equation 6}

Although Proposition|[I]is an asymptotic result, our experiments show that the accumulated gradient
covariance is strongly correlated with the algorithmic variability even for moderate N. We refer to
the eigenvectors corresponding to the largest eigenvalues of a matrix as its principal eigendirections.
For the accumulated gradient covariance matrix to accurately estimate the accumulated population
gradient covariance, the span of the sample gradients must capture most of the principal eigendirec-
tions of the population gradient covariance, which requires /V to be at least as large as the number of
principal eigendirections of the population gradient covariance. In practice, real data often reside in a
low-dimensional subspace, which explains why the estimation is accurate even for moderate V.

3.4 IMPLICIT REGULARIZER AND GENERALIZATION

We now show how SGD implicitly regularizes the algorithmic variability, thereby enhancing general-
ization. |Smith et al.|(2021) show that when resampling mini-batches of size B without replacement,
SGD implicitly regularizes the mean squared Euclidean distance between the sample gradients and
the batch gradient, I' (6) = + va 1IVL (23;6) — VL (S; 02 5» with implicit regularizer Y—2 Fg)

Analogously, when resampling with replacement from .S, SGD 1mphcltly regularizes — L) . By alge-
braic manipulation, we show that this quantity equals the trace of the mini-batch gradlent covariance:

y 56) ~ VL(S: YL IVL (2::0) - VL (S:0)3
™ (25 (9)):Tr<zi_1J<VL<zg]3_> vus,e»):zz_l IV (:0) = VL (S5:0)l

(10)
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This implicit regularizer of SGD reduces the trace of the gradient covariance during training, thereby
controlling the algorithmic variability. Since the expected generalization gap depends on the algorith-
mic variability, this implicit regularizer enables SGD to generalize better.

The second component of the algorithmic variability bound in equation [/]is neither estimated nor
regularized by SGD. Analogous to the bootstrap estimation in Proposition I} we introduce a plug-in
estimator of this term as an explicit regularizer. For set S, at iteration ¢, we define regularizer I as

N
1
Regl = A1 4 D IVL (255 Ai-1 (8) = VL (S: A (9))]5 (11)
i=1
and regularizer 2 as
Reg2 = X2 VL (S5 A1 (5)) = VL (S5 A1 (9)) |13, (12)
with A\; and A, denoting their respective strengths. These two regularizers correspond to estimates of
the two components of the algorithmic variability bound. We evaluate the impact of these regularizers
on generalization with numerical experiments in the following sections.

3.5 EMPIRICAL VALIDATION
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Figure 3: Trajectories of the generalization gap and the algorithmic variability trace versus iteration
for GD, SGD, NoisyGD, and SGDwReg?2, shown for two initializations in the idealized experiment.

We use the idealized experiment in Section to illustrate the relationship between algorithmic
variability and generalization gap. In addition to the three algorithms considered above, we evaluate
SGDwReg2, which incorporates regularizer 2 into SGD. Figure [3| reports the trajectories of the
generalization gap and the algorithmic variability trace under two different initializations. We observe
that sharp decreases in the algorithmic variability trace coincide with reductions in the generalization
gap, and algorithms ending with smaller algorithmic variability traces exhibit smaller generalization
gaps. Notably, while SGD performs poorly under initialization 2, SGDwReg?2 consistently reduces the
algorithmic variability trace and achieves good generalization. These results align with our analysis
above: while SGD only implicitly regularizes the first component of the algorithmic variability bound,
incorporating regularizer 2 enables SGDwReg?2 to regularize the full bound.
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4 NUMERICAL EXPERIMENTS
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Figure 4: Average test loss ratios of SGD with reg- Figure 5: Average test losses of SGD with reg-
ularizers 1 and 2 relative to the vanilla SGD bench- ularizer 2. Shaded areas represent standard
marks. Shaded areas represent standard deviations deviations across three runs with different ran-
of the test loss ratios across different initializations. dom seeds.

4.1 SPARSE REGRESSION WITH DIAGONAL LINEAR NETWORKS

To evaluate the impact of regularizers 1 and 2 on generalization with moderately large training sets,
we conduct experiments on sparse regression. We incorporate both regularizers 1 and 2 into SGD, for
different fixed values of the relative strength ratio i—;, and compare their performance with that of the
vanilla SGD benchmark. The model we use is the diagonal linear network (DLN), parameterized as
0 = (04,6,) € R, This model represents the function f(x;0) = (8, ® 0y, z), where ® denotes the
element-wise multiplication. Despite its simplicity, the DLN is overparameterized and provides the
non-convexity we seek (Pesme et al.,[2021). We run the algorithms to minimize the mean squared
error of the training sets, which consist of 40 samples. The detailed experimental setup is in Appendix
A2

While different initializations strongly impact the test loss, the test loss ratios between different
algorithms starting from the same initialization remain stable. Therefore, for each training set and
initialization combination, we use the test loss of the vanilla SGD for that setting as the benchmark.
The performance of each algorithm is evaluated by the ratios between its test loss and this benchmark.

Figure @] shows that most test loss ratios fall below 1, indicating that incorporating explicit regularizers
to SGD improves the average test loss of the solution. Within certain thresholds, increasing the
regularization strength reduces the test loss. Notably, incorporating regularizer 2 can further reduce
the test loss. Across the experimental settings, smaller relative strength ratios correspond to better
generalization performance. Compared to the Ao = 0 curve, the setting i—; = 0.5 reduces the best
test loss by 14%. These observations demonstrate that these regularizers improve generalization
for moderately large training sets. Moreover, consistent with our analysis in Section 3} while SGD
only implicitly regularizes the first component of the algorithmic variability bound to help the model
generalize, the best performance is achieved when both regularizers 1 and 2 are incorporated, thereby
regularizing the full algorithmic variability bound.

4.2 DEEP NEURAL NETWORKS

To evaluate the effectiveness of the proposed regularizers in practical deep neural network training,
we train a convolutional neural network (CNN) on the FashionMNIST dataset (Xiao et al., [2017).
We use SGD with weight decay regularization as a benchmark. Owing to computational budget
constraints, we incorporate only regularizer 2 and compare its performance against the benchmark.
The detailed experimental setup is in Appendix [A.3]
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Figure [5| compares the performance of different regularization strengths and the benchmark, repre-
sented by the Ao = 0 curve. Overall, the average test loss decreases when we explicitly incorporate
regularizer 2. For small regularization strengths, we observe consistent improvements over the
benchmark. At larger regularization strengths, regularizer 2 yields better performance under small
learning rates, but it also carries the risk of degrading test performance as the learning rate increases.
These results demonstrate that an appropriately tuned regularizer 2 improves generalization.

5 RELATED WORK

Solution sharpness perspective. Many studies try to explain the generalization behavior of SGD
from the perspective of solution sharpness. [Keskar et al.|(2016) show that the generalization drop
of the model is caused by the sharp minimizer it converges to when using large batches. [Yang et al.
(2023));|Wu & Su|(2023)) attribute the good generalization of a solution to its low sharpness. Moreover,
Ma & Ying|(2021)); [Wu et al.| (2022); Ibayashi & Imaizumi| (2021)) show that stochasticity in SGD
leads to solutions with low sharpness without explicit regularization.

However, these sharpness-based explanations suffer from the lack of invariance under reparam-
eterization (Andriushchenko et al.| [2023). Different parameterizations of the same function can
yield drastically different sharpness values. This fact undermines the claim that the generalization
performance of a function is directly correlated with its sharpness. Our perspective is related to
the sharpness views in that the expected generalization gap decomposition involves the solution’s
Hessian, but crucially differs from them because it considers the entire training trajectory. Since
reparameterization alters the training dynamics and can lead to different solutions, our perspective is
not subject to invariance issues.

Algorithmic stability perspective. Another line of work connects generalization to algorithmic
stability. Bousquet & Elisseeff| (2002)) and [Elisseeff et al.|(2005) define different kinds of stability
and lay the foundation for this branch of work. Shalev-Shwartz et al.|(2010) explore the connection
between learnability and stability of empirical risk minimization. Recent works in this area include
high-probability bounds (Feldman & Vondrak, |[2019)), hypothesis set stability (Foster et al.,[2019)),
and uniformly stable algorithms (Bousquet et al.l |2020). Regarding the generalization gap, Zhou
et al] (2022) give a generalization gap bound based on the gradient variability on the training set,
and |Thomas et al.|(2020) propose an estimation of the generalization gap based on the Hessian and
gradient covariance at the solution evaluated on the population distribution.

Prior stability analyses typically yield worst-case generalization bounds under uniform smoothness
assumptions, which can be overly conservative in highly non-convex settings. In contrast, our
decomposition of the expected generalization gap is Hessian-weighted and evaluated at the solutions,
thereby capturing the local curvature in regions of the loss landscape that the algorithm actually
reaches. Free from uniform smoothness bounds, this framework enables us to isolate the impact
of algorithmic variability and identify SGD’s implicit regularization on the bootstrap estimate of
algorithmic variability as the mechanism underlying its generalization advantage.

6 CONCLUSION

We provide an explanation of the generalization advantage of SGD based on a bootstrap estimation
of the algorithmic variability. Specifically, we demonstrate that SGD implicitly regularizes the trace
of the gradient covariance matrix, which serves as a bootstrap estimate of part of the algorithmic
variability bound. This regularization guides SGD toward solutions that are robust to sampling
noise, thereby enhancing generalization performance. While our theoretical analysis relies on
specific assumptions on problem settings, numerical experiments in both synthetic and real-world
settings show that our claims extend to broader settings. The experimental results demonstrate that
incorporating the bootstrap estimates as explicit regularizers can effectively improve generalization
in practice. These findings underscore the central role of the algorithmic variability in generalization
and offer new insights into designing new regularizers to enhance generalization. An important open
problem is whether the optimal regularization strength can be estimated from the training data or
automatically tuned during training.
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REPRODUCIBILITY STATEMENT

The detailed experimental setups for the idealized experiment, the DLN experiment, and the CNN
experiment are given in Appendix [A.T] [A.2] and [A.3] respectively. Complete proofs for Lemma

Lemma 2] and Proposition [I]are given in Appendix and The source code for all
experiments conducted in this work is included in the zipped supplementary materials.
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A  EXPERIMENTAL SETUP

A.1 IDEALIZED EXPERIMENT

We consider a set of 30 different candidate functions as the population. Each function has a local
minimum at (7, 7), as well as an additional critical point. This second critical point is located at one
point drawn uniformly from the set {(1,1),(1,4),(1,7),(4,1),(4,4),(4,7),(7,1),(7,4)}. With
probability p, the additional critical point is a local maximum; otherwise, it is a local minimum. We
set p = 0.35. Each critical point is modeled by a Gaussian function, with its height and width drawn
from Gaussian distributions. We construct 10 training sets. Each training set contains 30 candidate
functions, sampled with replacement from the population. We run all experiments for 200 iterations
with an initial learning rate of 0.4 and decay rate of 0.99. Each algorithm is evaluated over 100
different initializations, arranged in a 10 x 10 grid on the domain [0, 8] x [0, 8], and the results are
averaged.

This experiment was conducted on an Apple MacBook Pro equipped with an M1 Pro processor and
16 GB of memory. The typical running time for a single training set is approximately 19 minutes.

A.2 SPARSE REGRESSION WITH DIAGONAL LINEAR NETWORKS

For each training set and initialization combination, we run experiments with three different model
initializations and four training sets and average the results to account for the stochasticity. Each train-
ing set contains 40 samples whose inputs are drawn from a 100-d Gaussian distribution A (0, I10p).
The label for each sample is generated by taking the inner product between the true solution vector /3
and the input, then adding a Gaussian noise to it:

The sparse true solution vector 3 has 5 non-zero entries, randomly generated from a Gaussian
distribution AV (0, 2I5).

For each combination of initialization and training set, we run the algorithms 4 times and take the
average over the results. We use a constant learning rate of 0.01 throughout the 200 training epochs.

Experiments were conducted using NVIDIA V100 GPUs with 32 GB of memory. For both one and
two explicit regularizers, the typical running time of SGD is approximately 3.2 hours for 200 epochs
at a given regularization strength.

A.3 DEEP NEURAL NETWORKS

We conduct experiments with only regularizer 2, because it is much more tractable to compute than
regularizer 1. We omit the batch gradient term VL(S; A;_1(S)) to further reduce the computational
cost.

The CNN has two convolutional layers, whose structures are (in_channels=1, out_channels=32,
kernel_size=3, stride=1, padding=1) and (in_channels=32, out_channels=64, kernel_size=3, stride=1,
padding=1), and one fully-connected hidden layer with 128 nodes. We run each algorithm for 400
epochs with gradient clipping and batch size 32. To accelerate convergence, we let the learning rate
decay by 1% after each epoch. For the weight decay benchmark, we conduct a grid search over
candidate values of the decay rate and select 0.01 as the optimal setting.

Experiments were conducted using NVIDIA V100 GPUs with 32 GB of memory. The typical running
times for the original SGD and SGD with the explicit regularizer are 2.5 and 5.5 hours for 400 epochs
at a given regularization strength.

B LEMMA PROOFS

B.1 PROOF OF LEMMA 1

Lemma 1. Consider a loss function L whose value is bounded by Uy, with batch gradient {5-norm
bounded by Uq and all third-order partial derivatives bounded by U ;. Assume the parameters are
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bounded as ||0||2 < Up. If Assumptionsand hold for L, the expected generalization gap satisfies

]ESAT[ (D; Ar (S)) — L (S5 Ar (9))] (1)
1 al / 0

NZESZ Ar [L (25 Ar (9))] = NZ:ES7Z£7AT [L (2 Ar (57))] @)

=E 1T V2LS-A51N1E J (Ar (8%) — Ar (S 3

=Esua, |5 T (,T())N; o [ (A7 (8') = Az (9))] 3)

+ O (e1,r€2,1 + 61,72 7Uc + 01,702, 7UcUr + GS)TUJ +62,7UL) - 4

Proof. As mentioned in the main article, E., [f] means E.,_p [f] and Eg [f] means Eg.p~ [f].

Note that for a specific realization of SGD, it is no longer symmetric in each sample of the training
set. Intuitively, it makes a bigger difference when the replacement happens earlier rather than later.
So, we will average over all the IV locations in the training set. We write the expected training loss
over S and Ar in terms of sample losses:

Es ar [L(S; A7 (59))] = Eay [Es [L (S; A7 (9))]] (14)
=Ea4, |Es ;;L(zi;AT (5))H (15)
1 N
=Ea | ;ES [L (zi; A7 (S))] (16)
= ZES ar [L (2 Az (S))]. (17)

Note that for a certain i € [N], Es [L (z;; Ar (5))] = Es ./ [L (2}; Ar (S7))] and thus,
Es.a, [L(S; Az (S =¥ Z]ES woar [L (2 Ar (SD)]. (18)

The expected generalization gap can be formulated as

ESAT[ (D; Ar (S)) — L (S5 Ar (9))] (19)
N

NZ S, Ar | ]i[Z szt a0 [ L (2 Ar (5Y))] (20)

ZIESZ ar [L (2 A7 (9)) — L (2]; Ar (S7))] - 1)

We apply a second-order Taylor expansion to the expression in equation 21

*ZESZ' ar [L (25 Ar (8)) = L (2 Ar (S7))] (22)
-~ ZES,zg,AT (VL (21 Ar (59) (Ar (S) — Ar (57)) 23)
+3 L4 () - Ar (5))7 V2L (24 Ar (7)) (A (S) — Ag (5)] (24)

+ 0 (63 7Us +02,7UL) . (25)

The terms €3 .U and 027Uy, constitute the remainder of the second-order Taylor expansion.

13
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Recall that Assumption |I|assumes that the gradient £5-norm, || VL (2/; Az (S7))]|,. is bounded by
€1, with probability 1 — 4, 7. Therefore, we can bound the first-order term in equation@by

N
1 X )
Y Esan VL (25 A7 (87) (A7 (8) = Az (7)) (26)
i=1
1 . . _
+ 5 (A (8) = Ar (5)" V2L (215 Ar (57)) (Ar (5) = Az (57))] &)
+ O (37U + 02,7UL) (28)
N -
1 1 , | |
== > Esar 3 (Ar (S) — Ar (8))" V2L (2 Ar (5%)) (Ar (S) — Ar (Sz))} (29)
i=1 -
+ O (er,re2,r + 61,7€2,7UG + 61,702 7UcUp + e%,TUJ + 62,7UL) (30
N -
1 1 , ,
= S B |2 T (VL (2 Ar (87)) T (A (5) ~ Ar (S%)))} (1)
i=1 L
+ O (er,rea,r + S1,1627UG + 01,002, 7UcUr + €5 17Uy + 02,7UL) - (32)

The term €1 7eo 7 corresponds to the case where both Assumptionandhold, the term 61 e 7Uc
corresponds to the case where Assumption [T]does not hold but Assumption [2holds, and the term
01,762, 7UgUF corresponds to the case where neither of the two assumptions holds. The term
corresponding to the case where Assumption [T|holds but Assumption 2]does not hold is dominated
by 62,T UL.

Because sampling (S, z;) and (S ‘ zz) are symmetric,

ES,Zi,AT [f (Sv Si,Z%Z;,AT)jI = Esi,zi,AT [f (57 Si7ziazz{7AT)]

for any function f. Therefore, we can exchange z; with 2/ and S with S? in equation [31} and then
apply the bound on the solution deviation in Assumption [2|to obtain

1 & 1 / . i
¥ S Bsatr |5 T (VL (liAr () 7 (A (5) - dr (57))| @
=1
= iiﬂf ' LT (V2L (4 Ar (S7)) T (Ar (S) - Ar (57))) (34)
N . St,zi,Ar 2 i) AT T T
=1
-5 ENI]E / [1 Tr (V2L (253 Az (8)) J (A7 (87) = Ar (S)))] (35)
N v Sz}, At 9 05
1Y 1 1 X
=% ;E&AT 3 Tr(VQL (235 A7 (9)) N ;Ez& [J (Ar (S9) — Ar (5))})] (36)
+ O(&3 17Uy + 62,7UL) (37)
1 /1<, 1 & .
=Espar |5 T&(N > V2L (z; Ar (S)) ¥ > B [J(Ar (SY) - Ar (5))]) (38)
i=1 q=1
+ O(€3 Uy + 02,7UL) (39)
1 1 .
=Esu, |3 T <v2L (S5 A7 (S)) 55 D_Exf [J (Ar (S7) = Ar (S))])] (40)
i=1
+ O(G%TUJ + 62 7UL). 41
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Plugging equation d0}equation 1] into equation [31] gives the desired result:

Es ar [L(D; Ar (S)) — L (S; Ar (5))] (42)
1 3

= Esar |5 Tr <v2L S; Ar (S Z]E J(Ar (SY) - (S))])] (43)

+ O (er,re2,1 + 61,7e27Uc + 51,T52,TUGUF + EQ,TUJ +02,7UL) - 44)

O

B.2 PROOF OF LEMMA 2

Lemma 2. Consider the case where the model is trained with SGD on the training set S for M
epochs, with each sample appearing exactly once in every epoch. Assume that

1. The learning rates are small, i.e., letting () = maxy 1, we have @ < 1.

2. The operator norm of V2L (S; 0) is uniformly bounded by a constant C' < %

Then, the algorithmic variability can be bounded as

(v L(S,Ar (S ZIE (Ap (S%) — Ar (S))]> )

(v L(S,Ar (S ZMnt [ (VL (2]; Ar- 1(5))—VL(D;AH(S)))D (6)
T

+Tr (v% (S, Az (8) Y Mt J (VL (Sj,5 A1 (8)) = VL (D5 Ay (5)))> ™

O(TQEQ,T (31U + 6o 7ULUS + CQUE) + T2Q* (631U + b0 r UL U + CQUF)2).

®)

Proof. For simplicity of exposition, and without loss of generality, we only consider the case of SGD
with batch size 1 in this proof.

From a fixed model initialization Ay, the update rule of SGD leads to

T
Ar (S) = Ao =Y mVEL(S;,;; A1 (9)) (45)
t=1
and
) T
Ar (87) = Ao = > mVL(S: A1 (57)) (46)
t=1
Thus,
T
Ap (8Y) = Ar (S) = Zﬂt (VL(Sj,; Ai-1(5)) = VL (S],5 Ai-1 (57))) - (47)
t=1

Now we prove by induction that

k
A (87) = Ak (8) = D me (VL (Sji5 Ar=1 (S)) = VL (S}5 A1 (5))) (48)
t=1
O (kQ (3 pUs + 02, 7ULUR + CQUF)) (49)

for k = [T.
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Base case: Because A (S) = Ao (S%) = Ay, it is easy to check that equation equation hold
when k = 1.

Inductive hypothesis: Suppose equation 8}equation #9|hold forall 1 < k < p.

Inductive step:

Appr (S ) Aps1 (9) (50)
Ap (S7) = 4 (8) = mpa VL (85, Ap (8)) 4 1pia VL (S04, (5)) (51
Ay (87) = Ay (9) + My (VL (8,10 4p (8)) = VL (81,54, (5)) ) (52)

— My (VL (S] iy (57) = VL (8], 4,(9)) (53)

The solution stability bound grows with the number of iterations (Hardt et al.| 2016). Consequently,
Assumptlon I 2| holds with ez 7 and d2 1 for the entire training process. We can apply a Taylor
expansion to the term in equation 53}

VL ()54 (8)) = VL (8,54, (9)) (54)
= V2L (), 45 (9)) (4 (57) = 4, (8)) + O (.U + b2.7ULUE) (55)

Ip+1’

Recall that the Hessian operator norm is bounded by C' < . Plugging equation [55| back into
equation 53| obtains

Apt1 (8) = Aps1 (5) (56)
= 4, (8) = 4 () + i1 (VL (8,103 45 (9) = VL (8], 4,(5)) ) (57)
—ipir (VL (85,14, (57)) = VL (S, :4,(9))) (58)
= 4, (8) = 4 () 4 i1 (VL (8,003 45 (9)) = VL (85,5 4,(5)) ) (59)
a1 VL (5] LA, (5)) (A (57) = 4, () + O (Q (87U + 627ULUE))  (60)
= Ay (8") = 4y (8) + mpsr (VL (85,113 45 () = VL (85,114, (5)) ) (61)
+0(Q (637U + 627ULUS + CQUF)) (62)
p
= > 0 (VL (5,5 A1 (5)) = VL (85,3 A1 (9))) (63)
t=1
+ 0 (pQ (637U + 02, 7ULUR + CQUF)) (64)
1 (VL (85,1345 (8) = VL (81,1 4,(5))) (65)
+0 (Q (E%TUJ +52,TULU§~ -l-CQUF)) (66)
p+1
= > 0 (VL(S),; A1 (S)) = VL (S} A1 (9))) (67)
t=1
+O0((p+1)Q(7Us + 627ULUR + CQUFR)) . (68)

Thus, equation #8}equation [#9] also hold for the case k = p + 1. By the principle of mathematical
induction,

k

A (SY) = A (8) = D m (VL (S, A1 (9)) = VL (S5, A1 (9))) (©9)
=1
+ O (kQ (637U + 62,7ULUE + CQUF)) (70)
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for k = [T.

For each ¢ € [N], there are M indices ¢ such that j; = i. For simplicity of notation, we require that
the sample sequence is not shuffled for different epochs, so that j,, = jmiry = m,m € [N],r €
[M — 1]. However, the result also holds when the sample sequence is shuffled in each epoch.

It follows that
N
Tr (VQL (S,Ar (S)) % > E. [J(Ar (S7) - Ar (S))}) (71)
i=1
1 N T
- Tr <V2L(5, Az (8)) % > B |J <Z77t (VL (S;; Ae=1(S)) — VL (S}; Av—a (S))))D
1= t=1 (72)
O(TQEQ,T (0T + 6o 0ULUS + CQUR) + T2Q2 (3 1U + 600U U + CQUF)2>.
(73)
Note that
N .
Z]Ez;{ (VL(S;,.: Am_1(S)) = VL (S A1 (S))) (74)
(VL (8,3 An-1(8)) = VL (8] 41 (9))) "] =0 (75)

when j, # j,. In this case, since S and S* only differ in the i-th sample, either S;,, = Sjm or
S, = S;in making the outer product of the gradient differences zero. Hence,

T
Tr<V2 (S, Ar (8 ZE (Zm(wsﬁ;ml(s» VL(S;NAms»))D

t=1
(76)

=Tr <V2L (S, Az (S)) (77)

ZN:Ezg [ J (Mi S (vL (S5iini Airn—1 () = VI (s; i A (S)))>D

r=0

(78)
< Tr<v2L(s, Ar (S)) (79)
N M—1
> E. [Z M2y (VL (St Avon-1(8) = VL (85,5 Asrna <S>))]
i=1 r=0
(80)

= Te( V2L (8, A7 (9)) XT:ManEZ;tND J (VL (S;,: A1 (S)) — VL (ng;;At_l (S)))D

) 381)
. ]
= Tr( V2L (S, Ar (S))ZManEZ;tND J (VL (S;,; Ar-1(S)) = VL (2},; Ai-1 (S)))

(
(s aron anies o
(v
(

(82)

— Tr( V2L (S, Ar (S ZMTH [ (VL(S;,; Ar_1 (S)) — L(z;;At_l(S)))D (83)

ZMnt (VL (Sj,; Ai—1(S)) — VL (2}; A1 (S)))D. (84)
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Equation equationaggregate all iterations which select the same samples in the 271}4:61 sum,
and the factor + + 1s absent because there is exactly one ¢ for which this expectation is non-zero. The
1nequahty in equation [79equation [80]results from the fact that, for any positive semi-definite matrix
G € R4 and any vector sequence {u, € R?: p € [M]},

M M
Tr (GJ (Z u,,)> <Tr (GMZ J (u,,)> , (85)

p=1

which can be derived as follows:

M M
Tr <GM > (up)> —Tr (GJ <Z up> ) (86)

M M 2
2

=M uplle = 1D up (87)

p=1 p=1 el
1 M
2

=5 > lu—ul (88)
p,q=1,p#q

> 0. (89)

By plugging the results in equation [76}equation [84]into equation [7T}equation [73]and rearranging the
terms, we obtain

) ) 1
(v L (8, Ar (9)) Z]EZ, (%) — Ar (S))]) (90)

) oD

+ O(TQEQ,T (67U + 620ULUS + CQUR) + T?Q? (631U + 620 UL U + CQUF)Q)

T
ZMm (VL (S5 A1 (5)) = VL (2}; A1 (9)))

IN

i

Tr <V2L (S, Az (S))E.,

(92)
= Tr<v2L(S, Ar (S ZMW (VL Sjis Ar-1(9)) — VL (D; Ai—1 (5))) (93)
+ (VL (D; A—1(S)) = VL (25; Ai - 1(5))))D (94)

+ (’)(TQQT (82U + 600ULUR + CQUE) + T°Q? (631U + 657ULUS + OQUF)2>.
95)

Note that

£ [(VL (), Ao (8)) = VL (D: Ay (9)) (VL (D: A (5)) — VI (4: Ar (S))g!)

= (VL(Sj,; Ar-1(8)) — VL (D; Ar—1 (8))) E., [(VL (Ds Ay (S)) — VL (2 Ay1 (5)))91
7

= (VL (Sj,;; Ai—1(8)) — VL(D; Ai—1 (S))) (VL (D; A1 (S)) — E./ [VL (2); A 1(5));918«:
(EVL (S, Av—1 (S)) = VL(D; Ay_1 (5))) (VL (D; Ay_1 (S)) — VL (D; A1 ()" (1(3(9);
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Plugging this identity back into equation [93}-equation [04] yields the desired result:

N
1 1

<V2L (S, Ar (S NZEZ; (A7 (S7) - (S))]> (101)

T
< Tr<v2L(s, Ar (S))E.: ZMnt (VL S, A1 (S)) = VL (D; Ar_1 (S))) (102)
+(VL(D; Ai-1(S)) = VL (25 Ava (S))))D (103)

+ (’)(TQQT (87U + 600ULUR + CQUE) + T°Q? (631U + 65 7ULUS + OQUF)Q)

(104)
= Tr <v2 (S, Ar (S ZMnt J(VL(D;Ai_1 (S)) — VL (z; Ay (S)))]) (105)
+’I‘r<V L (S, Ar (S ZMnt (VL (S;,; Ai—1(S)) — VL(D; A;_y (S)))) (106)
+ O(TQQ,T (67U + 620ULUS + CQUR) + T?Q? (41U + 600U U + CQUF)2).
(107)
O

B.3 PROOF OF PROPOSITION 1

Proposition 1. Denote by ES (0) the gradient covariance of mini-batches of size B evaluated on
dataset S at 0. If the condztlons of Lemma I 2| hold, 6 lies within a compact set ©, and VL (z};6)
is continuous with respect to 0 on ©, then as the training set size N — oo, the difference between
the accumulated population gradient covariance and the accumulated gradient covariance of SGD
converges to 0 almost surely, i.e.,

T T
STE [T(VE (4 A (8) = VE(D; A ()] = 30 BSE (A1 () 5 0. )
t=1

t=1

Proof. We denote a training set of size N as S = {z1,22,...,2n5},2; ~ D,i € [N]. We use z;
to denote samples in S, and 2’ to denote an independent sample drawn from either the population
distribution D or the empirical distribution Dfmp associated with S. We proceed to define the
variables

Z:(0) = VL (2;0) — VL(D:0), z~D, i€l[N] (108)

>P (6) =E.p [J (VL (#;0) — VL (D;G))} (109)

_ 1 X

Zn (0) = NZZi 0). (110)
1=1
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Then, we can write

E.wps, |J(VL(2;6) — VL(S; 9))} (111)
=E...ps, ¥ (VL(250) = VL(D;0) + VL (D;6) — VL(S;6))] (112)
s, [J((VL(50) - VL(Di6)) — (VL(S36) - VL (D30)) (113)
=E.ps, J (VL (2;0) — VL (D; e))} ~E.ps, [J (VL (D;6) — VL(S; 9))} (114)

N
=IO - T (2x ). (115)

Let v") indicate the j-th entry of vector v. Due to the continuity of VL (2/; 6), Zi(j ) () is a continuous

function of 6 for any z;. Also, from the bound on the ¢5-norm of the gradient, Zi(j ) (0) is bounded
by a function h (z;) for any z; and 6, where h is an integrable function of z; with respect to the
distribution D. With these conditions, according to Theorem 2 in Jennrich|(1969), for any j, k € [N],

N
1 ; k a.s. j k
=220 (0) 2 (0) S Eeynp |20 0) 20 (0)] = 25 (0) (116)
i=1
uniformly for all § € © as N — oco. Because Z; has a finite number of entries,
1N
v 2 (Z:i(0) =3 2P () (117)
i=1

uniformly forall § € © as N — oo.

From the strong law of large numbers, as the training set size approaches infinity, the mean of any

gradient entry over the training set converges almost surely to its population mean. Since Zz(\?) (0)
represents the difference between the mean gradient over the training set S and the population
gradient, for any j € [N],

70 () 3 0 (118)
uniformly for all # € © as N — oc. Because Z n has a finite number of entries,
J(Zn (9)) 230 (119)
uniformly for all § € © as N — oc.
Combining equation and equation [T19]leads to

Eups,, [7(VL(230) = VL(S;0)] - 2P () “5 0 (120)

uniformly for any # € © as N — oo.

At 0, the gradient covariance of the mini-batches of size B sampled from dataset .S can be expressed
as the empirical gradient covariance Y5 (0) = %EZ%DE,,LP {J (VL(Z';0) — VL (S; 9))} Thus,
with the uniform convergence in equation|[120] we obtain

T T
> Eunn [T (VL (5 A1 (8)) = VL (D5 A ()] = 30 BES (A (8)) =5 0 (121)

as N — oo, which is equivalent to the desired result. O
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